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The method of product  functions is  used for  obtaining an exact  solution to the infinite sy s t em 
of f i r s t - o r d e r  equations which r e p r e s e n t s  an analog of the one-d imens iona l  heat  conduction 
equation with a local ly  va r i ab le  t h e r m a l  conductivi ty.  

I t  would be of in te res t  to cons t ruc t  explici t  solutions to the sy s t em of o rd ina ry  different ial  equations 
which re su l t  if  one of the different ial  o p e r a t o r s  is  rep laced  by i ts  d i f ference analog.  With the knowledge 
of the exact  explicit  solution to such a s y s t e m  of equations,  it will be poss ib le  to analyze the t rend of the 
sought function without c u m b e r s o m e  calcula t ions .  Finding the numer i ca l  va lues  of a function in this way 
is  s o m e t i m e s  not more  labor ious  than calculat ions based on the exact  analytical  solution to the equation, 
i f  the l a t t e r  is  known. A very  s imple  example  is  that of solving the Cauchy p rob lem of heat  conduction for  
the two-dimensional  case  [1-4]. 

We will const ruct  he re  the solution to the m o r e  e l emen ta ry  p rob lem concerning the infinite sy s t em 
of f i r s t - o r d e r  equations which is  an analog of the one-d imens iona l  heat  conduction equation with a local ly  
va r i ab le  t h e r m a l  conductivity.  The original  s y s t e m  of equations is  [5, 6] 

dU,, = 1  (Un_x~2Ur~+Un+~)  ' n------~k, n = O ,  1 ,  -4-2, 
d~ 2 (I) 

dUk --. 1 (U~_ 1 ~ 2U k + Uh+O" 
g dr Y 

Here  U n is  the t e m p e r a t u r e  on a s t ra igh t - l ine  segment  cor responding  to the n - th  step of a subdivision and 
g is  a coefficient which c h a r a c t e r i z e s  the var ia t ion of the m a t e r i a l  p r o p e r t i e s  on the k - th  segment .  

Let t ing 
V,~ ('r) = ~p~ (x) exp (--  "r) (2) 

and introducing the product  function 

('~, s) = ~ ~ (T) s n, 
n = - - m  

we go f rom Eq.  (1) to the following express ion  for  G{'r, s): 

6(~, s ) = 6 ( 0 ,  s) exp-~- s +  -r 

; li :) + (1-- g) s k (~Pk-- %) (v) exp -~- s -i- (~ - -  v) dr. 

0 

(3) 

Expanding (3) into powers  in s,  we obtain 
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q,~ (~) = u ~  (0)/~_~ (~) + ( 1 -  e) t' ( ~ h -  %) (v) I~_~ ( ~ -  v) do. (4) 
0 

Nonze ro  ini t ia l  condi t ions  a r e  a s s u m e d  to apply only to the m - t h  s e g m e n t .  Thus the r e su l t i ng  solut ion will  
r e p r e s e n t  the funct ion of a point  s o u r c e .  The solut ion fo r  an a r b i t r a r y  ini t ial  t e m p e r a t u r e  d is t r ibu t ion  is  
then found by s u m m a t i o n  o v e r  m .  

If  n = k, then re l a t ion  (4) b e c o m e s  an in tegra l  equat ion fo r  funct ion ~Ok(r): 

% (~) = U~ (0) lh_ ~ (,) + (1 - -  g) i (% - -  *h) (v) I o (~ - -  v) dr. (5) 
0 

If  the c h a r a c t e r  of 9k as  a funct ion of  t ime  is  de t e rmined  f r o m  Eq.  (5), then i n s e r t i n g  ~o k (~-) into (4) will 
y ie ld  ana logous  t ime  funct ions  f o r  any s e gmen t  of  the  infinite s t r a igh t  l ine .  The b a s i c  difficulty, then,  
l i e s  in solving Eq.  (5). A Lap lace  t r a n s f o r m a t i o n  with r e s p e c t  to r and a few e l e m e n t a r y  o p e r a t o r s  will  
y ie ld  

a + i ~ o  

U m (0) ~ exp (p,) dp 
% (~) 

2~i 0 {]/~pz--1 - - (p  - -  1)(1 - -  g)} (P+V PZ--1)Ik-~I" (6) 

The con tour  in tegra l  in (6) is  convenien t ly  ca lcu la ted  a f t e r  a change of v a r i a b l e s  

w = p - -  1 / p2 _ 1 (7) 

has  been m a d e .  

Funct ion  (7) m a p s  c o n f o r m a l l y  the p lane  of  v a r i a b l e  p cut  a long the r e a l  ax is  f r o m  - 1  to + 1 onto a 
uni t  c i r c l e  in the w-p l ane ,  while t r a c i n g  the con tou r  c lockwise  in the p -p l ane  c o r r e s p o n d s  to t r a c i n g  it 
c o u n t e r - c l o c k w i s e  in the w - p l a n e .  We have 

' )  �9 

g - - 2  

When g >1 ,  the z e r o  of the d e n o m i n a t o r  in (8) is  loca ted  outs ide  the unit  c i r c l e .  T h e r e f o r e ,  one 
m a y  in t eg ra t e  (8) a long any con tou r  ins ide  the  unit  c i r c l e  e n c o m p a s s i n g  the point  w = 0, where  as  e s sen t i a l  
s ingu la r i ty  e x i s t s ,  Expanding the  in t eg rand  function in (8) into a L a u r e n t  s e r i e s ,  we deduce 

r 

% (x) = g m (0) - -  E (g - -  2)* (z)" (9) gr+l [Itk-ml+r +]lk-ml+r+l] 
r = 0  

Although e x p r e s s i o n  (8) is  m e a n i n g l e s s  f o r  g = 2, e x p r e s s i o n  (9) is  valid f o r  tha t  c a s e  too .  The s imp le s t  
spec ia l  c a s e s  a r e :  

~(~) = g~(0) t~  ~(T), g = t; (10) 

% (x) = @ Um(O ) [I~_ m + llk--ml+l] (X), g = 2. (11) 

F o r m u l a s  (6), (8)-(11) a r e  based  o n t h e  a s sumpt ion  that  m ~ k .  If  m = k, h o w e v e r ,  then the f a c t o r  g m u s t  
be added in f o r m u l a s  (9)-(11.). 

I n s e r t i n g  (9) into (4) y i e l d s  the ge ne ra l  e x p r e s s i o n  fo r  funct ion ~h(r) :  

% (x) = U~(0){I._~ + 1 - -  gllk--~,+l~--kl 
g 

00 

+ 2 (g -- 1) E (g -- 2y ,  1 r=O k--~2 ilk--ml+In--kI+r+II (T)" (12) 

It  is  ea sy  to  see  that  e x p r e s s i o n  (12) e m b r a c e s  (9)-(11).  The p r a c t i c a l  appl ica t ion of (12) is  not  diff icul t ,  
s ince  it is  m a d e  up en t i r e ly  of  tabula ted  funct ions  with v e r y  s imple  coe f f i c i en t s ,  It  can  a l so  be r e a d i l y  
r e w r i t t e n  in t e r m s  of  L o m m e l  funct ions  in two v a r i a b l e s  [7]. 
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The preced ing  analys is  was applied to the Cauchy p rob lem on an infinite s t ra ight  l ine .  We will now 
show how a solution can be found for  the case  of a semiinf ini te  m e d i u m .  Let  the segment  where  n = 0 be 
at the boundary .  Then, if  an exist ing semiinf ini te  s t r a igh t - l ine  segment  i s  connected to i ts  m i r r o r  image  
behind the boundary,  the p rob lem considered  toge ther  with the inhomogeneity and the ini t ial  dis tr ibution 
r educes  again to the p rob lem of an infinite s t ra ight  l ine .  A posi t ive  f ict i t ious source  (even continuation) 
will co r respond  to the p rob lem with t h e r m a l  insulat ion at the sur face ,  while a negat ive one (odd continua-  
tion) will cor respond  to the p rob l em  with zero boundary va lues .  It  is  requ i red ,  then, to find the solution 
to the sy s t em of equations 

dU,~ = I ( u .  1 - - 2 U , + U - + 0 ,  n % k ,  - - k - - l ,  

d~ - (13 )  

dU,~ 1 
g - -  (U, ,_I  - -  2U,~ q -  U,~+O, n - -  k ,  - -  k ~ 1 

d~: 2 

with the initial  distr ibution 

u .  (o) = o, n v~ m, - -  m - -  1, Um (0) > O, U_m_l (0) = _ U~  (0). 

For  an a r b i t r a r y  function, the equation will be 

d~ 2k s] 

Considering that in the problem discussed here the initial conditions are given as (P-k-l(~') = • we 
find 

~ (~) = U~(O) (I~_m +_- I~+m+O(x) -I-, (i --g): 

dr. 
0 

All subsequent operations are analogous to these. If the medium is confined on both sides, however, then 
a general solution to the problem can also be found by the method of [8], for example. 
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NOTATION 

t e m p e r a t u r e ;  
segment  num ber  of the subdivision; 
number  of i r r e g u l a r  segment;  
d imens ionless  t ime;  
auxi l iary  function; 
product  function; 
p a r a m e t e r ;  
integrat ion var iable ;  
Besse l  function of i - th  o rde r ,  of an i m a g i n a r y  argument ;  

i s  the num ber  of segment  with p r e s c r i b e d  initial  t e m p e r a t u r e ;  
a r e  t he  complex v a r i a b l e s .  

1. 

2. 
3. 
4. 
5. 
6. 
7. 

8. 
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